A particle-core Hamiltonian is used to describe the lowest parity partner bands K π = 1/2 ± in 219 Ra, 237 U and 239 Pu, and three parity partner bands, K π = 1/2 ± , 3/2 ± , 5/2 ± , in 227 Ra.
I. INTRODUCTION
The coherent state model (CSM) [1] describes in a realistic fashion three interacting bands, ground, beta and gamma, in terms of quadrupole bosons. The formalism was later extended [2, 3, 4, 5, 6, 7] by considering the octupole degrees of freedom. The most recent extension describes eight rotational bands, four of positive and four of negative parity. Observable like excitation energies, intraband E2 and interband E1, E2 and E3 reduced transition probabilities have been calculated and the results were compared with the corresponding experimental data. The formalism works well for both near spherical and deformed nuclei excited in low and high angular momentum states. Indeed, we considered all states with J ≤ 30 in both, the positive and the negative parity bands. Signatures for a static octupole deformation in ground as well as in excited bands have been pointed out in several even-even nuclei.
The aim of this paper is to extend CSM for the even-odd nuclei which exhibit both quadrupole and octupole deformation.
The formalism concerning the excitation energies in the positive and negative parity bands is presented in Sections II and III. The E1 and E2 transitions are considered in Section IV, while the numerical application to four even-odd nuclei, is described in Section V. The final conclusions are drawn in Section VI.
II. THE MODEL HAMILTONIAN
We suppose that the rotational bands in even-odd nuclei may be described by a particlecore Hamiltonian:
where H sp is a spherical shell model Hamiltonian associated to the odd nucleon, while H core is a phenomenological Hamiltonian which describes the collective motion of the core in terms of quadrupole and octupole bosons. This term is identical to that used in Ref. [7] to describe eight rotational bands in even-even nuclei. The two subsystems interact with each other by H pc , which has the following expression:
λµ denotes the components of the λ-pole (with λ=2,3) boson operator. The term j · J is similar to the spin-orbit interaction from the shell model and expresses the interaction between the angular momenta of the odd-particle and the core. The last term is due to the rotational motion of the whole system, I denoting the total angular momentum of the particle-core system. The core states are described by eight sets of mutually orthogonal functions, obtained by projecting out the angular momentum and the parity from four quadrupole and octupole deformed functions: one is a product of two coherent states:
while the remaining three are polynomial boson excitations of Ψ g . The parameters d and f are real numbers and simulate the quadrupole and octupole deformations, respectively. The vacuum state for the λ-pole boson, λ = 2, 3, is denoted by |0 λ .
The particle-core interaction generates a deformation for the single particle trajectories.
Indeed, averaging the model Hamiltonian with Ψ g , one obtains a deformed single particle
Hamiltonian, H mf which plays the role of the mean field for the particle motion:
where C is a constant determined by the average of H core . The Hamiltonian H mf represents an extension of the Nilsson Hamiltonian by adding the octupole deformation term. In Ref. [8] we have shown that in order to get the right deformation dependence of the single particle energies, H mf must be amended with a monopole-monopole interaction, Mω 2 r 2 α 00 Y 00 , where the monopole coordinate α 00 is determined from the volume conservation restriction. This term has a constant contribution within a band. The constant value is, however, band dependent.
In order to find the eigenvalues of the model Hamiltonian we follow several steps:
1) In principle the single particle basis could be determined by diagonalizing H mf amended with the monopole interaction. The product basis for particle and core may be further used to find the eigenvalues of H. Due to some technical difficulties in restoring the rotation and space reversal symmetries for the composite system wave function, this procedure is however tedious and therefore we prefer a simpler method. Thus, the single particle space consists of three spherical shell model states with angular momenta j 1 , j 2 , j 3 .
We suppose that j 1 and j 2 have the parity π = +, while j 3 has a negative parity π = −. Due to the quadrupole-quadrupole interaction the odd particle from the state j 1 can be promoted to j 2 and vice-versa. The octupole-octupole interaction connects the states j 1 and j 2 with j 3 .
Due to the above mentioned effects, the spherical and space reversal symmetries of the single particle motion are broken. To be more specific, by diagonalizing H (2.1) in a projected spherical particle-core basis with the spherical single particle state factors mentioned above, the eigenstates could be written as a projected spherical particle-core state having as single particle state factor a function without good rotation and parity symmetries. Therefore, one could start with a coupled basis where the single particle state is a linear combination of the spherical states, where the mixing coefficients are to be determined by a least square fitting procedure as to obtain an optimal description of the experimental excitation energies. Thus, instead of dealing with a spherical shell model state coupled to a deformed core without reflection symmetry, as the traditional particle-core approaches proceed, here the single particle orbits are lacking the spherical and space reversal symmetries and by this, their symmetry properties are consistent with those of the phenomenological core.
2) We remark that Ψ g is a sum of two states of different parities. This happens due to the specific structure of the octupole coherent state:
The states of a given angular momentum and positive parity can be obtained through projection from the intrinsic states:
The projected states of negative parity are obtained from the states:
The angular momentum and parity projected states are denoted by:
The factors N (±)
i,IK assure that the projected states ϕ (±) are normalized to unity. Obviously the unnormalized projected states are denoted by ψ (±) . For the quantum number K we consider the lowest three values, i.e. K = 1/2, 3/2, 5/2. Note that the earlier particle-core approaches [9, 10] restrict the single particle space to a single j, which results in eliminating the contribution of the octupole-octupole interaction.
3) Note that for a given j i , the projected states with different K are not orthogonal.
Indeed, the overlap matrices : 9) are not diagonal. By diagonalization, one obtains the eigenvalues a
Ip (j l ) and the corresponding eigenvectors V (±) IK (j l , p), with K = 1/2, 3/2, 5/2 and p = 1, 2, 3. Then, the functions: 10) are mutually orthogonal. The norms are given by:
For each of the new states, there is a term in the defining sum (2.10), which has a maximal weight. The corresponding quantum number K is conventionally assigned to the mixed state.
4)
In order to simulate the core deformation effect on the single particle motion, in some cases the projected states corresponding to different j must be mixed up.
The amplitudes A (±) pl can be obtained either by diagonalizing H mf or, as we mentioned before, by a least square fitting procedure applied to the excitation energies.
The energies of the odd system are approximated by the average values of the model Hamiltonian corresponding to the projected states:
The matrix elements involved in the above equations can be analytically calculated. Note that due to the structure of the particle-core projected states, the energies for the odd system are determined by the coupling of the odd particle to the excited states of the core ground band.
The approach presented in this section was applied for the description of the K π = 1/2 ± bands. However, this procedure can be extended by including the K = 0 states in the space describing the deformed core.
III. DESCRIPTION OF THE
In principle the method presented in the previous section may work for the description of bands with the quantum number K larger than 1/2. However the intrinsic reference frame for the odd system is determined by the deformed core and therefore one expects that this brings an important contribution to the quantum number K. To be more specific, we cannot expect that projecting out the good angular momentum from |j, 5/2 ⊗Ψ g , a realistic description of the K = 5/2 bands is obtained. Therefore we assume that the
bands are described by projecting out the angular momentum from a product state of a low K single particle state and the intrinsic gamma band state.
We recall that within CSM, the states of the gamma band are obtained by projection from the intrinsic state:
where the excitation operator for the gamma intrinsic state is defined as:
The low index of Ψ in Eq. (3.1) is the the K quantum number for the γ intrinsic state.
Thus, a simultaneous description of the bands with K = 1/2, 3/2, 5/2 can be achieved with the projected states:
In the above expressions the notation N (i,±) J with i = g, γ is used for the normalization factors of the projected states describing the ground and the gamma bands, respectively, of the even-even core. Note that for each angular momentum I the above set of three projected states is orthogonal.
The energies for the six bands with
± are obtained by averaging the model Hamiltonian (2.1) with the projected states defined above.
The matrix elements of the particle-core interaction are given in Appendix A
IV. TRANSITION PROBABILITIES
For some K = 1/2 bands, results for the reduced E1 and E2 transition probabilities are available. They are given in terms of the branching ratios:
To describe these data we use the wave functions defined in Section II. We recall that the positive parity states are obtained by coupling the spherical shell model state j 1 or j 2 to a positive parity core with a small admixture of a state coupling j 3 and a negative parity core. On the other hand the negative parity states are given by coupling one of the states j 1 or j 2 to a negative parity core and a small component consisting in a product state of j 3 and a positive parity core-state. Thus, the single particle E1 transition operator may connect the leading term of the initial state with the small component of the final state.
One expects that the contribution of this term to the E1 transition is negligible comparing it with the contribution of collective dipole operator. Therefore the dipole transition operator considered in the present paper is the boson operator:
Concerning the quadrupole transition operator, this has the structure:
The branching ratio (4.1) for the initial state I π is:
Here the initial and final states are mixture of different K states as well as mixture of the j states defined by Eq.(2.12). The matrix elements of the transition operators between the basis states are given in Appendix B 1 .
V. NUMERICAL RESULTS
The results obtained in Section II have been used to calculate the excitation energies for one positive and one negative parity bands in three even-odd isotopes: 219 Ra, 237 U and 239 Pu.
The parameters defining H core , as well as the deformation parameters d and f are those used to describe the properties of eight rotational bands in the even-even neighboring isotopes.
The single particle states are spherical shell model states with the appropriate parameters for the (N, Z) region of the considered isotopes [12] . Our calculations for the mentioned odd [1] Throughout this paper the reduced matrix elements are defined according to Rose's convention [11] .
isotopes correspond to the single particle states: (j 1 , j 2 , j 3 ) = (2g 7/2 , 2g 9/2 , 1h 9/2 ). In order to obtain the best agreement between the calculated excitation energies and the corresponding experimental data, in the expansion (2.12) a small admixture of the states (j 1 ; j 3 ) and (j 2 ; j 3 ) ± . The results of the fitting procedure are given in Table I . Inserting these in Eqs. (2.13), the energies in the two bands with K = 1/2 are readily obtained.
The theoretical results for excitation energies, listed in Tables II and III, Concerning the bands characterized by K π = 1/2 ± one could consider also the mixing of components with different K in the manner discussed in Section II. However, our numerical application suggests that such a mixing is not really necessary in order to obtain a realistic description of the available data. The calculated energies in the three bands are compared with the corresponding experimental data in Fig.2 . The plotted values are collected in Table   IV . The states for 227 Ra have been obtained in Ref. [17] by using the (n, γ), (d, p) and ( t, d)
reactions and the β − decay of 227 Fr. The spectrum yielded by the mentioned experiments was interpreted in Ref. [18] in terms of a particle-core interaction.
219 Ra [20] are also given in the column 3.
From Fig. 2 we note that our approach reproduces the experimental energies ordering in the jJ interaction strength has a sign which is different from that associated to other nuclei.
In fact the repulsive character of this interaction in 227 Ra is necessary in order to compensate the large attractive contribution of the q 3 Q 3 interaction.
Further, we addressed the question whether one could identify signatures for static octupole deformation in the two bands. To this goal, in Fig. 3 , we plotted the energy displacement functions [3, 4, 13] :
3)
The first function, δE, vanishes when the excitation energies of the parity partner bands depend linearly on I(I +1) and, moreover, the moments of inertia of the two bands are equal.
Thus, the vanishing value of δE is considered to be a signature for octupole deformation. If the excitation energies depend quadratically on I(I + 1) and the coefficients of the [I(I + 1)] function ∆E 1,γ vanishes, which again suggests that a static octupole deformation shows up.
The parities associated to the angular momenta, involved in ∆E 1,γ are as follows: the levels I and I ± 2 have the same parity, while levels I and I ± 1 are of opposite parities. The results plotted in Fig. 3 correspond to 239 Pu. We choose this nucleus, since more data are available. The plot suggests that a static octupole deformation is possible for the states with angular momenta I ≥ 51 2
belonging to the two parity partner bands.
Finally we calculated the branching ratio R J defined by Eq.(4.1), for 219 Ra. There are two parameters involved which were fixed so that two particular experimental data are reproduced. The values obtained for these parameters are:
where b denotes the oscillator length characterizing the spherical shell model states for the odd nucleon. As shown in Table V , the theoretical results agree reasonably well to the corresponding experimental data. Our results show an oscillating behavior with maxima for the negative parity states. Note that some off the data are well described while others deviate from the data by a factor ranging from 2 to 3. In the third column of Table V we listed the results obtained in Ref. [20] by a different model. In the quoted reference the ratios corresponding to positive parity states are almost constant and small.
The spectra of the odd isotopes, considered here, have been previously studied in Refs. [19, 20, 21, 22 ] using a quadrupole-octupole Hamiltonian in the intrinsic deformation variables β 2 and β 3 separated in a kinetic energy, a potential energy term and a Coriolis interaction. Due to the specific structure of the model Hamiltonian, an analytical solution for the excitation energies in the two bands of opposite parities was possible. It was shown that the split of the parity partner bands is determined by a combined effect coming from the Coriolis interaction, which affects the K = bands, and a quantum number k associated to the motion of a phase angle φ, characterizing both the quadrupole and the octupole deformation variables.
Based on analytical calculations, some conclusions concerning the B(E2) values associated to the intraband transitions between states of similar parities, have been drawn. Thus, if the odd particle state is of positive parity, the transitions between positive parity states are enhanced with respect to those connecting negative parity states. If the parity of the odd particle state is negative the ordering of the mentioned transitions is reversed.
Comparison between the present formalism and that of Ref. [22] reveals the following features: a) Having in mind the asymptotic behavior of the coherent states written in the intrinsic frame of reference [1] , one may anticipate that the wave function describing the odd system from Ref. [22] , might be recovered in the asymptotic limit of the present approach. Due to the fact that our formalism is associated to the laboratory reference frame, the Coriolis interaction does not show up explicitly. The split of the states of different parities is determined by the matrix elements of H pc . Indeed, the quadrupole-quadrupole interaction has different matrix elements in the space of positive parity states Φ While in Ref. [22] K is a good quantum number here K labels the leading component in an expansion characterizing a wave function with a definite angular momentum and a definite angular momentum z-projection, in the laboratory frame. Thus, although one says that
since the corresponding component in the above mentioned expansion prevails, the mixing of different K components due to the single particle mixed states as well as due to the core projected states is considered in a natural manner. Therefore, one expects that the complex structure of the model states might be suitable for the description of the transition probabilities between states from the two bands. bosons. This ambiguity is however removed in our approach due to the angular momentum projection operation. The description used in Ref. [22] is also not confronted with such a difficulty.
d) The approach of Ref. [22] is of a strong coupling type and therefore K is a good quantum number, which is not the case in the present paper. Indeed, we use the laboratory frame and the meaning of the quantum number K is given by the fact that the K-component of the spherical function prevails over the components with K ′ = K.
e) The Hamiltonian describing the odd system (2.1) involves a term H core which describes in a realistic fashion the neighboring even-even system. Indeed, this has been used in Ref. [6] to describe simultaneously eight rotational bands, four of positive and four of negative parity.
By contrast, in Ref. [22] the terms associated to the core are not appropriate for describing the complex structure of the even-even sub-system.
f) The agreement obtained in our approach for 239 Pu is better than that shown in Ref. [22] .
However, the results from Ref. [22] for 237 U agree better, with the corresponding data, than ours. Indeed, the r.m.s. values for the deviations of theoretical results from experimental data, reported in Ref. [22] , are 30 keV and 60 keV for 237 U and 239 Pu, which are to be compared with 48.9 keV and 31.8 keV respectively, obtained with our approach. g) For some isotopes, in Ref. [22] , the bands with K = 5/2 are solely considered. By contradistinction we treated simultaneously the bands with K = 1/2, 3/2, 5/2, respectively.
Moreover, a distinctive feature is the fact that here the bands with K = 3/2 and K = 5/2 are generated by coupling a single particle state to the states belonging to the γ band of the core system.
VI. CONCLUSIONS
In the previous sections we proposed a new formalism for the description of parity partner bands in even-odd nuclei. Our approach uses a particle-core Hamiltonian, with a phenomenological core described in terms of quadrupole and octupole bosons. The single particle space consists of three spherical shell model states, two of them having positive parity while the third one a negative parity. The particle-core coupling terms cause the excitation of the odd particle from one state to any of the remaining two. Thus, the particle-core interaction might break two symmetries for the single particle motion, the rotation and space reflection, which, as a matter of fact, is consistent with the structure of the mean field obtained by averaging the model Hamiltonian with a quadrupole and octupole boson coherent state. For K = 1/2 bands the single particle states are coupled to the ground state of a deformed core while for K = 3/2, 5/2 the single particle states are coupled to the gamma intrinsic state. The bands are generated through angular momentum projection from the particlecore intrinsic states mentioned above. In this way the influence of the excited states from the ground band on the structure of the K π = 1/2 ± and that of the excited states from the γ band on the K π = 3, 2 ± , 5/2 ± bands are taken into account. The contribution of various terms of the model Hamiltonian are analyzed in terms of the magnitude and the sign of the interaction strengths yielded by the fitting procedure. Approaches which treat the particlecore interaction in the intrinsic frame of reference stress on the role played by the Coriolis interaction, through the decoupling parameter, in determining the energy splitting of the parity partner states with K = 1/2. For example, in 227 Ra the decoupling factor is quite high (0.7) [17] . In the laboratory frame we identified the interaction which determine the energy parity split. .
Before closing, we would like to add few remarks about the possible development of the present formalism. Choosing for the core unprojected states, the generating states for the parity partner bands with K π = 0 ± β , 1 ± states, otherwise keeping the same single particle basis for the odd nucleon, the present formalism can be extended to another four bands, two of positive and two of negative parity. Another noteworthy remark refers to the chiral symmetry [23] for the composite particle and core system. Indeed, in Ref. [7] we showed that starting from a certain total angular momentum of the core, the angular momenta carried by the quadrupole ( J 2 ) and octupole ( J 3 ) bosons respectively, are perpendicular on each other. Naturally, we may ask ourselves whether there exists a strength for the particle-core interaction such that the angular momentum of the odd particle becomes perpendicular to the plane ( J 2 , J 3 ). This would be a signature that the three component system exhibits a chiral symmetry.
As a final conclusion, one may say that the present CSM extension to odd nuclei can describe quite well the excitation energies in the parity partner bands with K π = 
VII. APPENDIX A
The diagonal matrix elements of the quadrupole-quadrupole (q 2 Q 2 ) and octupoleoctupole (q 3 Q 3 ) particle-core interactions in the basis defined in Section III are: The matrix elements involved in the expression of the branching ratios are: 
